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Abstract

An optimal Pension investment strategy, under the Constant Elasticity of Variance (CEV) model
is developed. The Pension Fund Investor (PFI) invested in both a risky asset (stock) and a riskless
asset (Cash account), modeled with CEV process and constant interest rate, respectively. Here,
the Pension Fund Administrator (PFA) considered and investigated the relevance/significance of
extra stochastic contribution, during non-turbulent period, as a form of extra voluntary
contribution, as provided by the Pension Reform Act of 2006, as amended. A constrained Pension
Wealth optimization program was developed and transformed into a nonlinear partial differential
equation, using the associated Hamilton Jacobi Bellman equation. The explicit solution of the
constant relative risk aversion (CRRA) is obtained, using Legendre transform, dual theory, and
change of variable methods. | presented and proved theorem on pension wealth investment
strategy and the optimal utility function is also presented. It is established herein, with the optimal
utility function that the extra stochastic contribution is minimally significant to the satisfaction of
the PFI, due to its partial presence in the optimal utility function strategy.

Key words: Strategized; Portfolio; CRRA; CEV; Accumulating Pension.

1. Introduction

The Stock market which have witnessed a low investment returns, due to serious global economic
downturn [1], hence have necessitated the continuous reviews of the various existing economic
models [2-13] that bothers on investment strategies, and many more. Based on the structure of the
Defined Contribution (DC) Pension Reform Scheme, the satisfaction of the PFI is predetermined
by the level of investment returns, which is a function of the investment strategy, hence the need
to continue reviewing all these many economic models becomes necessary [8]. As the trading
economy is versed, so are the various players. Investments in the Stock market, for instance can
come from different funds such as single/private investors, corporations, Government, employees
of labor, and many more. In this work, our interest is in the later, as it is rooted in the contributory
Pension scheme of 2006, as amended.

There are two basic types of Pension scheme; the defined benefit (DB) and the defined contrition
(DC). In this research, we shall only base our work on the DC scheme. In DC Pension scheme, the
employers are to pay a stipulated amount into the Pension retirement savings account (RSA)
alongside with the employer. At retirement, the lump sum and the annuity is predetermined by the
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total investment yield (returns), and not fixed as in the DB scheme. The beauty of this scheme is
that it is fully funded, because of the contributory nature.

Many articles have been published on optimal portfolio management, whose riskless and risky
assets are modeled, using both Geometric Brownian Motion (GBM) process [3-5, 14-15] and
Constant Elasticity of Variance (CEV) process [6, 8, 12, 16-17].

1.1. Research Motivation

[3] Introduced a new concept, “Extra Contribution”, in the literature. In their work, they simply
applied the provision of the Pension Reform Act of 2006, as amended, where the contributors are
at liberty to make extra contribution to encourage extra investment returns. In their work, the
investor chose a Constant Relative Risk Aversion (CRRA) Utility function. Their work revealed
the need for the Pension Manager to increase the proportion of his wealth to be invested in Bond
and Stock, and reduce the proportion that is invested in Cash. Continuing in that direction, [4]
replicated the work of [3], but in their work, they considered “extra Stochastic” contribution. Their
result is similar to that of [3]. It is important to note that both [3] and [4] followed the well-known
GBM in modeling their Pension wealth process. However, [8,] used the well-known CEV in
modeling their Pension wealth process. Significant results and observations were made, which
includes the formulation and the proof of a theorem that shows that the elastic parameter must not
be equal to one, amongst other findings, and this motivated this work. My approach is similar to
that of [3,4,8], but our interest is to verify the significance or otherwise of extra stochastic
contribution a CEV-generated Pension wealth. An additional assumption is made in the sequel.

1.2. Domain of Research and Some Preliminaries

The domain of this article is the complete probability space, (Q, F, P), where Q is a real space and
P is a probability measure, {WS (t),w, (t)}are two standard orthogonal Brownian motions,

{F.(t),F,(t)} are right continuous filtrations whose information are generated by the two standard
Brownian motions {WS (t),w, (t)} whose sources of uncertainties are respectively to the Stock
market and time variance.

Considering a complete and frictionless financial market that is continuously open over the fixed
time interval [0, T], T > 0 (the retirement age). | assume that the market is composed of the risk-
less asset (Bond), and risky asset (Stock).

2. The Pension Wealth Constrained Optimization Program

Under this session, we shall present and discuss the trading economy and formulate the
optimization model for the trading/investment period.

2.1. The Financial Market

We shall consider a trading economy that is characterized by a riskless asset (Money in the Bank),
and a risky asset (Stock). That is, the PFA’s portfolio consists of just two assets.
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Let the risk-less asset, C, , say, at any positive time,t, evolve as;
dC, =rC.dt, (2.1.2)
Where r represents constant rate of interest.

Next, we denote the price of the risky asset (stock) at any positive time,t, by S, , as in [6], and [8],
thus;

dS, = uS,dt +kS " dw., , (2.1.2)

Where ,u(,u > r)represents the instantaneous rate of return on stock, B (B <0) is the elastic constant
parameter, k is a constant, kS/ represents the instantaneous volatility.

Let {W,;t >0} denote a standard Brownian motion, defined on a probability space, (€2, F, P)where

F ={F,} is an augmented filtration generated by the Brownian motion.

2.2. The Assumptions of the Pension Wealth Constrained Optimization Program

Consistent with the Nigerian Pension Reform Act of 2006, as amended [8], we make the following
assumptions

@ The Pension Scheme accumulates wealth

(b) There are different categories of contributors

(© The contributors will not willingly withdraw from the scheme

(d) The trading economy is turbulent-free.

(e) Extra stochastic contribution is used as the probable amortization fund
()] Orthogonal relationship is considered between stock and time.

2.3. Formation of the Constrained Optimization Program

Let us denote the investment made in Stock as u, such that that kept as Money in the account is
given by u, =1-u;.

Let the stochastic differential equation that governs the variance of wealth generation be given by

dy(®) =u,y(®) 2+ - u)y) %+ dp 23.1)
S’[ Ct
) u,>0
Subject to: (2.3.1a)
u,=1-u,>0
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Where;

y(t) is the accumulated Pension wealth with time, t
dp is the regular contribution process, and is defined by;

dp = (1+$)J,,dt + odw, and & = ks”, (2.3.1b)

1=4,5.6,....,n-1and Y, =4, =5,4 =6,....,.8, =n,3 >0, aninteger (staff loading)

Combining (2.1.1), (2.1.2), (2.3.1b) with (2.3.1) s.t (2.3.1a), and simplifying

dy(t) = Y(O) [upze+ T = U, |+ L+ §)S, 40t + (U, y (1) +D)ks/dw, (2.3.2)
. >0
Subject to: : (2.3.2a)
u,=1-u,>0

1=4,56,....,n-1and 4, =4,9 =5,9 =6,....,3, =n,9 >0,aninteger (staff loading),
o, 1s var ious amount contributed

Based on the wealth process in (2.3.2) s.t (2.3.2a), the PFA seeks a strategy, u_ , which maximizes
the utility function, such that u; = max E (U (Y (T))),Vu(t) . Where u(e) is an increasing concave
utility function, which satisfies the Inada conditions;

U'(+0) =0,andU’(0) + o (cf. Gao [6])

3. The Pension Wealth Optimization
Applying the associated H. J. B. Equation to equation (2.3.2) s.t (2.3.2a), we derive

Ht+Hs,ust+Hy(y(t)[us,u+r—usr]+[l+.9i]5i+l)+%Hsskzsfﬁ+2
(3.1)
+% H (usy(t)+us)2 k?s?” +H ks (u,y(t) +1)=0
. >0
Subject to: U lou >0’ (3.1a)

1=4,56,....,n-1and 4, =4,9 =5,9 =6,....,9, =n,9 >0,aninteger (staff loading),
o, 1s var ious amount contributed

To obtain the optimal value, u_, we differentiate equation (3.1) s.t (3.1a) with respect to u,, thus
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2.2p8+1
+Hsyk ST+

i+1

H, +H_ us, +%Hsskzst2/’*2 +H, (1+9)9,

3.2)
max(“ y YO (U +1-u,r) +% H,, (uy(@®)+1) k*s? + Hsykzstz””usy(t)j =0
) u, >0
Subject to: : (3.2a)
u,=1-u,>0

1=4,56,....,n-1and 4, =4,9 =5,9 =6,....,3, =n,9 >0,aninteger (staff loading),
o, is var ious amount contributed

and this yields

::_( 1 N (Iu_zr)z _Hy+ S Hsyj (3.2b)
y© yk’s” H,  yt)H,

Replacing u, in equation (3.2) with u; in equation (3.2b)

1 .
H, +H_ us, +§ H k"% + Hy[(1+19i)5i+1—;1+ y(t)r+r]

3.3)
HZ[ u2-r2 1(u-r)'] H,H S°H? (
+Hy —iz 2; +1(’u2 4ﬂ) +s—2L[-p+r]+—= {—lkzsfﬂ}zo
W S, 2 Kk's, H, H, L 2
u, >0
Subjectto:  ° , (3.3a)
u,=1-u,>0

1=4,56,....,n-1and 9, =4,9 =5,9 =6,....,3, =n,9 >0,aninteger (staff loading),
o, is var ious amount contributed

Since the stochastic constrained control problem described in the previous session has been
converted to a constrained nonlinear stochastic partial differential equation, next we solve for H
in (3.3) s.t (3.3a) and subsequently substitute it into (3.2b), to enable us obtain the optimal wealth
generation policy (i.e., the control strategy). To achieve this, we apply the Dual theory and
Legendre transformation techniques, respectively.
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4. The Dual and Legendre Transformation on (3.3) s.t (3.3a)

Here, we transform the nonlinear second order partial differential equation (4.4) into a linear PDE,
using the Dual theory and Legendre transformations, not limited to Gao [6], Njoku et al [8], Zhang
et al [15], that is;

A S Sy
¢yzzand¢t:¢t’¢s:¢s’¢ss: ss '\SZ’¢yy: A ’¢ys: . (4'1)
¢ZZ ¢ZZ ¢ZZ

Taking into equations (4.1) and (3.3) s.t (3.3a)

_ R kzsﬁ+2|:| k25ﬂ+2|:|2 Zzﬁ2ﬂ2+r2
H,+Hus, + = — —2 4+ 721+ @) —zu+zy(t)r+zr+ —2———
t s:ut 2 2HZZ ( |) /J y( ) kZStZ/i'
~ 4.2
ZZHZZ(,uz—ZyI’+I’2) ~ R Szljiszzkzstzp (4.2)
~ a5 —szuH, +szrH, - ——%—"—=0
2K, 2H

y24

Setting y=60=—-H, into (4.2), and differentiating the dual @and value function H with respect
to z, we obtain

k*s”?0,  Kk’s"?0,0.0, Kk’s"?0%0, 2’10, 214°0,
6, + us.b, + - 7 + 267 (1+3)—p—(260,-0)r—r+ ks’ + kZs2?
2°0, +220,)( u* —2ur +r? 22528 212528 92
+( )gﬁ ~ )+SZ,uZl925 +Sub, —szro, + 25°Ks, ;9205925 _S Ks; 2'93 O, =0
ks 20; 20’
(4.3)
>0
Subject to: , (4.33)
u,=1-u;,>0

1=4,56,....,n-1and 4, =4,9 =5,9 =6,....,3, =n,9 >0,aninteger (staff loading),
o, is var ious amount contributed

where the associated strategy is given by

- £1+(”2_2r)jzez+ies (4.4)
yol ks y(t)

5. Utility Function Test

To obtain the level of satisfaction the plan member gets from his/her investment, we obtain the
explicit solution for the CRRA utility functions, using change of variable technique.
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5.1 Explicit solution to the CRRA utility
Similar to Gao [6], Njoku et al [8] and Zhang et al [5], we use

1

e(t,s,z)zza,q <1920 (5.1.1)

Assuming a solution form to (4.3) s.t. (4.3a), we have

1

0(t,5,2)=2 h(t,s)+a(t);a(T)=0h(T,s)=1 (5.1.2)

Obtaining the various first and second partial derivatives with respect to t,s,z, we have

1

1 1 _ 1 1 _ 1 2_alh -
et = htzq_l +a'(t);05 = hszq_l;ez =_hzq_1 1;055 = hsszq—l;esz =_hzq_1 1'9 =—( q) 7t ’ =0 (513)

1_q l—q "z (1_q)2

Taking into (5.1.1), (5.1.2), (5.1.3) and (4.3) s.t (4.3a), we have

1

1 2. f+2 _ 2
29" 0, + us,6, +—k S 0 —k?*s"0, + 10 279| w20 S/”le—s,ues——sre +5°k?s?7 0, |+
2 1-q | ks/(1-q) 1-qg 1-q

Lal 20 2urd 0 , : '
[ 2 L () s (0 50 ()0 0) 6 -) 0
t t t

(5.1.4)

Factoring out terms that depends on 70 , and z , and the ones that is independent of either of the
two mentioned, we split (5.1.4) into three, thus

1

- 2.5+2 _ 2
zq‘l[et+yst0t+%—kzs‘”295+r6[2 q} 210 SHO H—ﬂ—szkzsfﬁetjzo

1-q | ksf(1-q) 1—q_uS 1-q
(5.1.5)
ait( ©°6,  2uro, %0
- ltl S lLlr S r S
2 [k“s{"’ k's” ks =0 (.1.6)
(5.1.7)

(o (t)+ psa' (1) +(1+6,)—C,y + u—rar) =0

This implies that
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20 B+2 _ 2
(@+ﬂ$t@+ks—2055—k25ﬂ+295+l’6’{2 q} 210 SO ¢ g —ﬁ—szkzsfﬂetJ:O

1-q _ksf'(l—q) 1-q ° 1-q
(5.1.8)
2 2
uo,  2urf, 10 | _
(k“s{‘ﬁ " kst ’ ks’ =0 (5.1.9)
(5.1.10)

(o (t)+ psa (1) +(1+6,)—C,y + u—rar) =0

Solving (5.1.10) at the boundary condition,a(T):O, we obtain the continuous annuity of
duration, T —t, yields

(4 8) et ) (1 ps)
a(t)= ) (5.1.11)

p=—r+™8 (5.1.12)

2

Solving (5.1.8), observe firstly that the equation contains some variable coefficients, s,s”*?,s%,s*/

, and this makes obtaining solution somewhat difficult. However, in order to overcome this
difficulty, we employ the services of power transformation and change of variable technique as in
Gao [6], Zhang [15,], not limited to them.

Assuming,

ht,s)="f(t,j),j=5s" (5.1.13)
Such that

ho=fih =285% V1 h, =28(28-1)s Vi, +285°/ £, (5.1.14)

then putting (5.1.13) and (5.1.14) into (5.1.18), assuming that the elastic parameter, 8 =0 (the
GBM case) and simplifying gives

2

2—(q 2u Su sr|
f, (1+,ust f, _32k2ft)+ f (r(l—q j— k(l—q)+1—q —1_qJ_0 (5.1.15)

Solving (5.1.15), by assuming that;
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f(t,j)= A A(T)=1, B(T)=0= f, = APV 1 A(t) 4, j¢"and multiplying the outcome

with L, yields

A(t)
Ao
A(t)

—s?k?B, j 0" + r(

. i PO ) _ Szszgﬂ(t)j
LB ipp0i  HSALTT gl _STKIALTT
z_qjﬁﬁ(t)j ~ zﬂgﬂ(t)j . Sﬂgﬁ(t)j ) srP0)]
1-9 k(1-a) 1-qg 1-q

=0 (5.1.16)
=8
Splitting (5.1.16) based on its dependency on ¢*®and g, j¢”" yields

2 susr

A 21,2 2—(q 2u

(14 s, —s%k - -2 =0 5.1.17
A(t)(+’ust > )+r(1—qj k(l-q) 1-q 1-q (6.117)
and

B (1+ s, +5°k*) =0 (5.1.18)

In (5.1.18), 4, =0= [ 4 = constant
Considering terminal investment; t=T, #(T)=0= £(T)=constant = (constant =0)

Solving (5.1.18) by multiplying with A(t)and dividing by 1+ us, —s’k* and simplifying, yields

G

(1+ S, — Szkz)

]A(t)O (5.1.19)

A+
Solving the first order linear homogeneous equation (5.1.19), using integrating factor method

(E i )

(1+ S, — Szkz)

Let I.F :Ejp(t)dt, where p(t)—(

Simplifying p(t), we have

(t)= 2rk —qrk — 2 + sk —srk
1—q)(1+ us, —s’k®
t

IIARD — International Institute of Academic Research and Development Page 16



about:blank

International Journal of Applied Science and Mathematical Theory E- ISSN 2489-009X
P-ISSN 2695-1908, Vol. 10 No. 4 2024 www.iiardjournals.org

Consequently,

2rk—qrk—2 u? +s pk—srk
'[ (1—q)(l+,ust —szkz) “
I.F=/

(5.1.20)
Multiplying (5.1.19) with (5.1.20) and simplifying, we obtain
{2rk—qu—2y2+s,uk—srk}
df L ot ] (5.1.21)
dt
Integrating (5.1.21) with respect to t, we have
[2rk—qu—2y2+s,uk—srk]
At)=cr | e (5.1.22)
But,
h(t,s)=f(t,j), j=s" (5.1.23)
and
1+3)-c 1
a(t):—(( *8) Gt )0 15) (5.1.24)
r(1+ps,)
Recall that
f(t,j)=AL" (5.1.25)
Therefore,
_[2rk—qu—2y2+syk—srk]
£ (t,j)=ce L ) T s (5.1.26)
Recall also,
1
0(t,s,z)=z""h(t,s)+a(t);a(T)=0,h(T,s)=1 (5.1.27)

Theorem 1. By equations (5.1.27), (5.1.24), (5.1.23), and (5.1.26), the optimal stock investment
strategy is given by
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= 2rk_qu—2(—f—r«/§)k—srk

Co1 [ r(2+42)) Ll_q)(l+(_r_r ﬁ)q_sgkz)}t
US = 1_ oY, Cf

y(t) K S; qg-1

Proof
Taking into (5.1.22), (5.1.23), (5.1.25) and (5.1.27)

2rk—qrk—2 u? +spk—srk

(1—q)(1+ys—szk2) } n ((1+ 19| ) - Ci+1 + ﬂ)(l‘i‘ lust) (5128)

r(1+ ,ust)

e(t,s,z)—%cf{

Differentiating (5.1.28) with respect to sand z
0.=0 (5.1.29)

and

1 | 2rk—ark—24* +suk—srk A
1 —1 (1-q)(1+pus—s%k?
-1
c/ ( )

0, = z¢ (5.1.30)
q-1
Therefore, taking into (5.1.30), (5.1.29), (5.1.12) and (4.4)
1 2rk—qu—2(—r—r«/§)k—srk
r 2+\/§ q-1 { . Szz}t
L (22 )|z epl @] (5.1.31)
y(t) kK*s” Jg-1
where,
y:—rir«/i:,ulz—r—r\/z,yz:—wr\/z 0 (5.1.31a)

Consequently, our C.R.R.A utility function, e(t,s,z) is given by taking into (5.1.27), (5.1.23),
(5.1.26) and (5.1.28), thus
2yk—pyrk—24% +syk—syk
(1)t -572) } N [(1+6)—cpy + ] (1+ 15,
y(1+ us,)

g(t,s,z):z"‘l.ce{

And this is the C.R.A.A utility function we sort.
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6. Result and Discussion

It was observed that the extra stochastic contribution term partially appeared in the utility function,
but the coefficient did, which does not really guarantee the significance or otherwise to the
satisfaction of the PFI, considering the assumption of this model.

7. Conclusion

We studied and constructed pension wealth investment strategy in a defined contribution pension
scheme, with more than one contributor. We developed a formula for wealth investment into stock,
using C.R.R.A utility function. We also developed associated utility function. Based on our
discovery, we therefore cannot strongly conclude that the stochastic extra contribution as adopted
by the Pension Fund Investor contributes to the satisfaction of the Pension Fund Member.

8. Recommendation

Sensitivity analysis should be done on the optimal strategy and the Optimal utility function, and
shown pictorially, in order to strongly conclude the relevance of the extra stochastic voluntary
contribution, and as well, test for sensitivity of some existing parameters in the both the strategy
and the utility function.

References

[1] Njoku, K. N. C. (2023). Maximizing an investment portfolio for a DC pension with return
clause and proportional administrative Charges under Weibull force function.
Communications in Physical Sciences, 10(1).

[2] Li, D., Rong, X. and Zhao, H. (2013). Optimal investment problem with taxes, dividends and
transaction costs under the constant elasticity of variance model, Transaction on Mathematics:
12, 243-255.

[3] K. N. C. Njoku, Bright O. Osu, Edikan E. Akpanibah and Rosemary. N. Ujumadu (2017).
Effect of extra contribution on stochastic optimal investment strategies for DC pension with
stochastic salary under the interest rate mode, Journal of Mathematics Finance: 7, 821-833.

[4] Bright O. Osu, Edikan E. Akpanibah and Njoku K. N. C. (2017). On the effect of stochastic
extra contribution on Optimal investment strategies with stochastic salaries under the affine
interest rate model in a DC pension fund. General Letters in Mathematics, Vol. 2, No. 1, Pp.
138-149.

[5] Edikan E. Akpanibah, Bright O. Osu, Njoku K. N. C. and Eyo O. Akak (2017). Optimization
of wealth investment strategies for a DC pension fund with stochastic salary and extra
contributions. International Journal of Partial Differential Equations and Applications, Vol. 5,
No. 1, Pp. 33-41.

[6] Gao J. (2009). Optimal portfolios for DC pension plan under a CEV model. Insurance
Mathematics and economics: 44(3), 479-490.

IIARD — International Institute of Academic Research and Development Page 19



about:blank

International Journal of Applied Science and Mathematical Theory E- ISSN 2489-009X
P-ISSN 2695-1908, Vol. 10 No. 4 2024 www.iiardjournals.org

[7] Witbooi, P. J., Van Schalkwyk, G. J. and Miller, G. E. (2011). An optimal investment strategy
in bank management. Mathematics Methods in the Applied Sciences: 34(13), 1606-1617.

[8] Njoku K. N. C. and B. O. Osu (2019). On the modified optimal investment strategy for annuity
contracts under the constant elasticity of variance (CEV) model. Earthline Journal of
Mathematical Sciences: Vol. 1, No. 169:90.

[9] Njoku K. N. C. and B. O. Osu (2019). Effect of inflation on stochastic optimal investment
strategies for DC pension under the affine interest rate model. Fundamental Journal of
Mathematics and Application, Vol. 8, No. 91-100.

[10] Njoku K. N. C. and Akpanibah E. E. (2022). Modeling and optimization of in a DC scheme
with return of contributions and tax using Weibull force function. Asia Journal of Probability
and Statistics: Vol. 3, No. 16, 1-12.

[11] Udeme O. Ini, Ndipmong A. Udoh, K. N. C. Njoku and Edikan E. Akpanibah (2021).
Modeling of an insurer’s Portfolio and reinsurance strategy under the CEV model and CRRA
utility. Nigerian Journal of Mathematics and Applications. VVol. 31, No. 38-56.

[12] B. O. Osu, K. N. C. Njoku and B. I. Oruh (2020). On the investment strategies, effect of
inflation and impact of heading on pension wealth, during accumulation and distribution
phases. Journal of Nigerian Society of Physical Sciences: Vol. 2, No 170-179.

[13] Delong, L., Gerrard, R., Haberman, S.(2008). Mean-variance optimization problems for an
accumulation phase in a de_ned bene_t plan. Insurance: Mathematics and Economics.
[llustration with a pension accumulation scheme. Journal of Banking and Finance. Vol. 60, No.
127-137.

[14] Othusitse Basimanebotihe and Xiaping Xue (2015). Stochastic optimal investment under
inflammatory market with minimum guarantee for DC pension plans. Journal of Mathematics,
7,1-15.

[15] Zhang C. and Rong X.(2013). Optimal investment strategies for DC pension with stochastic
salary under affine interest rate model. Publishing corporation.
http://dx.doi.org/10.1155/2013/297875

[16] Osu, B. O., K. N. C. Njoku and O. S, Basimanebottihe, (2019). Fund management strategies
for a defined contribution (DC) pension scheme under the default fund phase 1V, Commun.
Math. Finance. Vol. 8, No. 169-185.

[17] Akpanibah E. E. and Osu B. 0.(2018). Optimal portfolio selection for a defined contribution
pension fund with return clauses of premium with predetermined interest rate under mean
variance utility. Asian Journal of Mathematical Sciences. Vol. 2, No. 2,19-29.

IIARD — International Institute of Academic Research and Development Page 20



about:blank
http://dx.doi.org/10.1155/2013/297875

